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Dependently Typed Languages

= Program + Proof

= Limitation: errors in elaboration High-level Surface Language
(user-friendly)

[ ! Type-Checker

Low-level Core Language
(sound)
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Pattern Matching and Eliminators

Zero +m=m
suc n+m = suc {n + m)

NN >N

_nm= N-elim (A n =+ N
(Am->m)
(Anhm-> suc (

nm

%
TUDelft

N-elim (P :
(mZero : P zero
(mSuc : (n :
(n : N)»Pn
N-elim P mZero mSuc zero = mZero

N-elim P mZero mSuc (suc n) = mSuc n (N-elim P mZero mSuc n)

cn))




Dependent Pattern Matching and Eliminators

head : {A : Set} (h : N) (v : Vec A (suc h)) » A
head h (cons .h a Xs) = @ [NoConfusion - N » N

basic-analysis {A : Set}
> (mNil : (h : 1
> | )
Vec-case @ {A : = (n : N) ( : Vec A n) » Set)
» (mNil : P : i
+ (mCons : (n : N) (a : A) (x5 : Vec An) » P (suc n) (cons n a xs))
bas > (n : N) (xs : Vec An) »Pn xs ef1) n)
Vec-case P mNil mCons n xs = Vec-elim P mNil (A n a xs h > mCons n a xs) n xs

-+ 1

P (n : N) (xs =V A n) » Set
Pnxs=(h: ) (v : Vec A (s h)) » (,




From Pattern Matching to Case Trees

Zero + m = m

suc n +m = suc {n + m)

[(m : IN)| zero m > m

n:IN)m:IN) nm
{ ) )| n { [(n: N)(m : IN)| (suc n) m +» suc (n+ m)
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From Case Trees to Eliminators

Generic Representation Case Tree
Unification Algorithm
Evaluation Function

Discussion
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Generic Representation Case Tree

Case Trees Represent Functions

tail : (n : N) =» Vec

tail n (cons n X xs) = xs
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Generic Representation Case Tree: Telescopes

Telescope:
data Telescope :
nil : Teles

ope n) » Telescope (suc n)

Interpretation:
[_JtelD : (A : Telescope n) -» Set
[ nil JtelD =

[ cons S E JtelD = [ s € S ] [ E s JtelD
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Generic Representation Case Tree: Telescopes

[ A JtelD » Set £) : Set (lsuc £)

data CaseTree (A : Telescope n)(T :

tail : (n : N) » Vec A (suc n) » Vec A n

tail n (cons n x xs) = Xxs

CTTail : CaseTree (n € N , xs € Vec A (suc n)
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Generic Representation Case Trees: Data Types

= Number of constructors (arguments)

= Universe of data type descriptions

(S : Set) » (D : S » ConDesc is a,) » ConDesc is (suc a,)
Il 1s ]JtelD » ConDesc is a, » ConDesc 1s (suc a,

DataDesc : Telescope 1, =

DataDesc 1s ¢, = Fin ¢, = £ N (ConDesc 1is)
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Unification

head : (n : N) » Vec A (suc n) » A

head n (cons n x xs) = X

tail : (n : N) » Vec A (suc n) » Vec A n

tail n (cons n x xXs) = Xs

= Constructor nil: (n J(suc n = zero)

nm: IN n - m
. Constructor cons: ( )(SUC sHe )
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Unification

solution:(r: A)(e:x =4t) ~ ()

deletion:(e¢:t =4t) ~ ()

injectivity,:(cS=pct)~ (3 =na_1) (suc n =n suc m) ~ (n =N m)

conflicte, ¢, @ (€] S=pcat)~ L (n: N)(zero —=w suc n) ~ L

%
TUDelft



Unification Algorithm

-

unifyTel : ; pe n} (u : Unification A) » I N

ation A) » [ A JtelD » [ projz (unifyTel u) JtelD

unify : - lescoj : Unific
unify'’ - : Telescoj : Unification A) » [ projz (unifyTel u) JtelD » [ A JtelD
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Evaluation Function

eval : {A : Telescope n}{T : [ A JtelD » Set £}

(ct : CaseTree A T) (args : [ A JtelD)
- T args

= Leaf : clause of function

= Node: case split
= Eliminate variable
= Basic analysis
= All telescope functions are section-retraction pairs
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Discussion

What is possible?
= Course-of-value iteration
Higher-dimensional unification

What is not possible?
Cycle rule (without a lot of extra work)
Not indexed data types

Extending Agda?
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Questions?



Generic Representation Case Tree

data CaseTree (A : Telescope n)(T : [ A JJtelD » Set £) : Set (lsuc £) where
leaf : (t : (args : [ A JtelD) » T args) -» CaseTree A T
node : {D : DataDesc is ¢c,} (p : A [ k ]:Z[ [ is JtelD ] (u D))
+ (bs : (c;i : Fin c¢,)

- Z[ u € Unification (expandTel A (conTel (u D) (projz (D ci))) p

(A args » ( ¢; , telToCon args ) ))]
(CaseTree (projz (unifyTel u)) (A args » T (shrink p (unify' u args)))))
- CaseTree A T
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Evaluation Function

eval : {A : Telescope n}{T :

(ct : CaseTree A T) (args
- T args
eval (leaf f) args = f args

eval {T = T} (node {is = is} {

case-p D (A d' x' = (

[ is JtelD
= proja (args Z[ p ])

uDd
= projz (args Z[ p ])

cs : (d' : [ is JtelD) (x :
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[ A JtelD » Set £} -
[ A JtelD)

D} p bs) args
) = (d, ret) » T args) cs d ret refl where

ID] (uD)d*') » (d' , ( x)) =(d, ret) » T args
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